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The details of the experimental setups are given. We also derive a toy model for shell buckling
dynamics and give some hints regarding the coupling with the fluid. We also calculate the final
volumes after buckling. Finally, we give some addtional experimental results so as to compare the
unbuckling to the buckling dynamics.

EXPERIMENTAL SETUPS

Shells

The spherical shells were realized by molding two
half hollow spheres made of commercial elastomer resin
”Dragon Skin© 30” (Smooth-on) of Young modulus 0.5
MPa (measured by traction experiments at 5% elonga-
tion, as well as the Poisson’s ratio ν = 0.5). The two
halves were then glued together using the same material.
A flat disk of diameter 12 mm and thickness 0.2 mm was
added at the pole of one of the two external moulds so as
to create a weak point on one hemisphere, where buckling
will systematically occur. The external radius was fixed
at R+d/2 = 25 mm, and several relative thicknesses d/R
were investigated.

Free moving swimmer

The shell was attached to a support itself mounted
on an air bearing frictionless rail, and immersed in a
fluid which is a water/glycerol or water/Ucon© oil (Dow
chemicals) mixture (Fig. 2). The air volume enclosed by
it was connected to a pressure controller (OB1 by Elve-
flow) through a flexible pipe, allowing cycles in the pres-
sure difference ∆P with an amplitude ±1 bar. In order
to ensure a 1D problem, the shell was oriented so that
the buckling spot was pointed in a direction parallel to
the rail. Position of the moving support on the rail and
shell deformation were recorded using a fast camera.

Deformation via external pressure control

Deformation by controlling the external pressure was
also considered. The shell was immersed in a 60 × 60 ×
60 cm tank in anodized aluminum with polycarbonate
polymer windows that could bear pressure differences of
+ 2 bar. Pressure variations were obtained with the same
pressure controller. Pressure was imposed on the thin
layer of air that was left in the tank on top of the liquid.

Particle Image Velocimetry

The shell was attached to a fixed support and im-
mersed in a 50 × 50 × 50 cm glass tank, filled by ei-
ther water or glycerol. The seeded particules used were
silver-coated hollow glass spheres with an average diame-
ter of ten microns (Dantec). A 1 mm thickness thin light
sheet was produced using a continuous laser source (532
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FIG. 1. Principle of the free swimmer experiment.

nm) operated at 3W. Just like the swimming experiment,
pressure cycles were applied to the air volume enclosed
in the spherical shell by connecting it to the pressure
controller through a flexible tube. A high-speed camera
(Phantom V2511)—running at 20k frames per second—
was carefully aligned in the direction normal to the light-
sheet plane using a custom calibration target, aligned
with the laser sheet. Only one camera was needed be-
cause we assumed that the flow is axis-symmetric, which
means two velocity components were enough to charac-
terize the flow.

The time delay between two consecutive frames was
50 microseconds. Particle displacements generally sat-
isfy the one-quarter rule (8 pixels displacement) and for
velocity calculations, an adaptative correlation was used
starting at 64×64 pixels interrogation windows, reduced
to a final 32×32 pixels area with 3 passes and an overlap
of maximum 75%. The velocity field contained around
16000 vectors inside the field of view.



2

initial position

fin
al 

posit
io

n

Buckling spot

FIG. 2. Principle of the beam model. The initial (unstable)
position of each meridian of the top cap corresponds to the
sphere. At buckling, the equilibrium position is that which
corresponds to a buckled shell. The buckling dynamics is
described by the release of the beam from the initial position.

A SIMPLE MODEL FOR BUCKLING DYNAMICS

The full buckling dynamics of an elastic shell of ra-
dius R and thickness d (such that its external radius is
R+d/2) has never been studied theoretically and is out of
the scope of this paper. Nevertheless, we propose here a
simple model that turns out to account for the observed
dynamics in our macroscopic experiment. This model
is based on the following consideration: we consider the
hemispherical cap which will revert its concavity during
buckling as a set of thin rods of length πR/2 going from
the equator to the pole where buckling will take place.
Buckling can be seen as the release of the thin rods far
from their equilibrium position where the two poles touch
each other, with 0 initial velocity and initial release po-
sition of order 2R (See Fig. 2).

We then first consider the problem of the oscillation of
a thin rod, then we use the results to determine the typ-
ical buckling velocity and post-buckling oscillation fre-
quency. We will first consider the case with no fluid
around the shell, then we will consider the coupling with
a fluid. We shall neglect in all cases the problem of inner
gaz compressibility.

Thin rod dynamics — We consider a thin rod of vis-
coelastic material described by Voigt law, characterized
by a storage modulus E′(w), a loss modulus E”(w) and
density ρ. The rod has a length L and a thickness d
(in the direction of motion). The width does not come
into play in the following equations. By extension of

the equation 21 of Ref. [1], where constant Young mod-
ulus and viscosity are considered, the dynamics of the
free end of the rod with the other end fixed can be de-
scribed by the equation ÿ + 2

τn
ẏ + ω2

ny = 0, where ω2
n =

(βn/L)4d2/(12ρ)E′(ω) and 2
τn

= ω2
nE”(ω)/(ωE′(ω)).

The first mode frequency is given by β2
0 = 3.52.

Looking for an oscillating solution y(t) ∝ ei(ω+iα)t one
finds that α = χnE”(ω)/(2ω) and

ω4 − ω2χnE
′(ω) + (χnE”(ω)/2)2 = 0, (1)

with χn = (βn/L)4d2/(12ρ). There is a real root of the
latter equation for ω2 iff E′(ω) > E”(ω), which is most
often the case for solids [2], whatever ω. This means
that the beam motion is always a quasi periodic mo-
tion. E′/E” is the inverse of the loss factor often writ-
ten tan δ. In that case, ω is solution of the equation

ω2 = χnE
′(ω)
2 (1 ±

√
1− (E”(ω)/E′(ω))2). The solution

with minus sign is not physical as it implies increasing
frequency with increasing damping. The equation for ω
is thus

ω2 =
χnE

′(ω)

2
ξ(ω)2 (2)

with ξ(ω)2 = 1 +
√

1− (E”(ω)/E′(ω))2 (3)

The exact solution for ω depends on the functions E′(ω)
and E”(ω) but remarkably, as 1 < ξ(ω)2 < 2,

χnE
′(ω)

2
< ω2 < χnE

′(ω). (4)

In addition, ω/α = 2ω2/(χnE”(ω)) = E′(ω)
E”(ω)ξ(ω)2, which

is comprised between 1 and +∞.

From this we can estimate the maximum of the ab-
solute value of the velocity V of the endpoint of the
beam (reached around its first passage close to equilib-
rium position). It can be shown numerically that, be-
cause 1 < w/α < ∞, if the beam is released at position
y0 > 0 with zero velocity, we have:

0.6 y0ω < V < y0ω (5)

Shell dynamics — From the preceding calculations
on beam — equation for ω (Eq. 2) and inequality for the
maximum velocity (Eq. 5)—, we find that the motion
of the buckling spot will be quasi periodic and that the
post-buckling frequency and the buckling velocity Vb ≡ V
obey:

ω ' 3.5d√
2(πR/2)2

√
12
×
√
E′(ω)/ρ× ξ(ω) (6)

' 0.3
d

R2
×
√
E′(ω)/ρ× ξ(ω) (7)

with 1 < ξ(ω) < 1.4, (8)

(9)
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and

V0 < Vb < 2.3V0 (10)

with V0 = 0.6
2R× 3.5d√

2(πR/2)2
√

12
×
√
E′(ω)/ρ (11)

' 0.4
d

R

√
E′(ω)/ρ, (12)

with ω being the solution of Eq. 7.
An important control parameter is the buckling pres-

sure ∆PC , which has been shown to be equal to[3]:

∆PC = 2
[
3(1− ν2)

]−1/2 × E( d
R

)2
, (13)

where E = E′(0) is the Young modulus. The Poisson

coefficient ν is often . 0.5, so eventually ∆PC ' E
(
d
R

)2
.

Equation 7 can be rewritten:

w ' 0.3R−1

√
∆PC
ρ

√
E′(ω)

E
× ξ(ω), (14)

.
with 1 < ξ(ω) < 1.4.
As for the buckling velocity, one gets

0.4

√
∆PC
ρ

√
E′(ω)

E
< Vb < 0.9

√
∆PC
ρ

√
E′(ω)

E
(15)

Since E′ is often an increasing function of ω, this im-
plies in particular that

Vb > 0.4

√
∆PC
ρ

. (16)

Those inequalities allow to estimate the buckling ve-
locities from the sole knowledge of E′ without that of E”.
As they are quite tight they allow to discuss the possible
scalings between microscopic systems and macroscopic
ones without bothering too much with the question of
where the solutions ω and V lie exactly in the established
ranges.

Note that the minimal buckling velocity is only set by
the buckling pressure and the density of the material,
whatever the considered scale but that the exact value
of the velocity depends on the scale through the factor
E′(ω), where ω is the solution of Eq. 14.

We validate Eqs. 7 and 10 through our macroscopic
shells.

For our d/R = 0.22 shell with ρ = 1060kg/m3, if we as-
sume that E′(ω) = E′(0) ≡ E, we find ω ' 64 Hz, which,
firstly is of the same order of magnitude as the measured
pulsation ω ' 150 Hz and secondly validates the above
assumption since, for elastomeric materials, the stiffness
E′ (ω) is almost constant up to the kHz [2]. We find
V0 = 1.9 m/s, hence the buckling speed Vb is comprised

between 1.9 and 4.4 m/s, which perfectly surrounds the
experimental value of Vb ' 2.4 m/s in water.

The preceding considerations are valid if the fluid does
not influence the shell deformation. The typical time
associated with the damping of membrane motion due
to fluid viscous friction can be calculated as follows: the
mass of the moving material is that of the hemisphere
m = ρ × 2πR2d. The moving material has a diameter
2R+ d, so in a first approximation, the viscous damping
coefficient should be close to αf = 3πη(2R+d) (because,
as will be consistently checked in the next paragraph,
we expect the fluid to influence the shell deformation
at low Reynolds number). This leads to a typical time
τf = m/αf = ρR2d/[(R+ d/2)3η].

The damping in the fluid will influence the shell dy-
namics when ωτf < 1. For our macroscopic shell, this
leads to a crossover viscosity η∗ ' 2 Pa.s, in agreement
with Figs. 2-b and c in the main paper, showing an ex-
perimental crossover between 1 and 37 Pa.s.

FINAL VOLUMES AFTER BUCKLING

We discuss the final shell volume that is attained by an
elastic shell of radius R thickness d and Young modulus E
right after buckling, in order to determine the accelerated
volume of fluid. We assume the inner gas is a perfect gas.

We recall some scalings obtained in the framework of
thin shell theory. The two first ones are exact deriva-
tions obtained by analytical analysis [4] while the third
one comes from a fit of numerical data [3]. Figure 3
schematizes the pressure-volume variations along one de-
formation cycle and recalls the parameters used in the
following.

The pressure difference ∆PC and the corresponding

FIG. 3. Scheme of the stable configurations for a shell in the
∆P -V space. See [5] for a detailed discussion on such diagram.
The orange arrows roughly indicate the paths followed during
buckling and debuckling processes with the constraint of a
closed shell such that PVγ is a constant, where P is the inner
pressure and V the shell volume.
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shell volume Vb at which buckling occurs read:

∆PC = αE(
d

R
)2 with α = 2[3 (1− ν2)]−1/2, (17)

Vb/V0 = 1− β d
R

with β = (3
1− ν
1 + ν

)1/2, (18)

where V0 is the initial shell volume.
For a volume between ' 0.2V0 and Vb, the pressure

difference is expected to plateau [3, 5]. For smaller resid-
ual volume, a highly deflated configuration is reached,
and the pressure difference increases. This configuration
is unlikely to occur in the case of shells with remaining
gas inside.

The plateau pressure difference reads:

∆Pp = δE(
d

R
)5/2 with δ = 0.75(1− ν2)−0.733 (19)

Closed shell

The relationship between inner pressure P and V de-
pends on the heat exchange across the shell material.
We assume that PVγ is a constant, where γ = 1 for an
isothermal transform and γ = 7/5 for an adiabatic trans-
form. At rest the shell has a volume V0 and an inner
pressure P0 equal to the outside pressure.

Right before buckling the internal pressure is Pint =
P0(V0Vb )γ and the external pressure that has to be applied
is Pext = Pint+∆PC . After buckling, the final volume Vf
is given by Vf/V0 = (P0/Pf )1/γ = [P0/(Pext −∆Pp)]

1/γ

so finally:

Vf
V0

=
[ 1

1
(1−β dR )γ

+ αÊ( dR )2 − δÊ( dR )5/2

]1/γ
(20)

with Ê = E/P0.

Shell connected to a (slow) pressure controller

This situation corresponds to our macroscopic exper-
iment. Until buckling, during the initial slow isotropic
deflation, the inner pressure is controlled while during
buckling, because the typical response time of the pres-
sure controller is of order 10 ms, the inner pressure is
transiently not controlled and the shell can be consid-
ered as closed. Thus we first observe buckling to a mod-
erate final volume, followed by oscillations. Then volume
slowly decreases up to the very deflated conformation
that is expected for buckling instability at fixed pressure
difference.

We consider here that the outside pressure is always
equal to P0. Right before buckling the internal pressure
is Pint = P0 − ∆PC and the volume is Vb. Right after

d/R VB/V0 Vf/V0 - closed shell Vf/V0 - connected shell
γ = 1 γ = 7/5 γ = 1 γ = 7/5

0.08 0.92 0.89 0.90 0.89 0.9
0.22 0.78 0.67 0.70 0.59 0.64
0.30 0.70 0.56 0.61 0.36 0.44

TABLE I. Final volumes after buckling for a shell with Ê = 5
and ν = 0.5 according to equations 20 and 21.

buckling the final pressure is Pf = P0−∆Pp and the final
volume is such that Vγf Pf = Vγb Pint, so finally:

Vf
V0

= (1− β d
R

)
[ 1− αÊ( dR )2

1− δÊ( dR )5/2

]1/γ
, (21)

with Ê = E/P0.

Conclusion

Numerical application of equations 20 and 21 for our
macroscopic shell with Ê = 5 is shown in table I.

Note eventually that in both pressure control configu-
rations explored here, the power series for

Vf
V0 as a func-

tion of d/R are identical for the first terms:

Vf
V0

= 1−β d
R

+
α

γ
Ê(

d

R
)2− δ

γ
Ê(

d

R
)5/2 +O

(
(
d

R
)3
)
. (22)

In the inertial regime, the thrust is related to the ac-
celerated volume of fluid, which is directly related to the
volume difference Vb − Vf . It reads:

Vb − Vf
V0

=
α

γ
Ê(

d

R
)2 − δ

γ
Ê(

d

R
)5/2 +O

(
(
d

R
)3
)
. (23)

UNBUCKLING DYNAMICS

In Fig. 4, we show the time evolution of the heightH of
the d/R = 0.22 shell during unbuckling, to be compared
to its evolution during buckling. A major feature is that
the velocity is divided by almost 2, as is the deformation
amplitude. It implies that the implied fluid volume is 8
times small during unbuckling.

[1] W. E. Baker, W. E. Woolam, and D. Young, Int. J. Mech.
Sci. 9, 743 (1967).

[2] R. S. Lakes, Viscoelastic Materials (Cambridge University
Press, 2009).

[3] C. Quilliet, Eur. Phys. J. E 35, 48 (2012).



5

2R
+

d

deflation

re-inflation

FIG. 4. Time evolution of the height H/(2R + d) right after
buckling and unbuckling for the d/R = 0.22 shell in glycerol.
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